Introduction
The simple change of the geometry of the cavity from facet to surface emitting of vertical-cavity surface-emitting lasers (VCSELs) [1] have provided them some distinct advantages with respect to conventional edge emitting lasers (EELs), i.e., single longitudinal mode emission, circular output beam profile with narrow divergence and therefore efficient fiber-optic coupling, very small threshold current, low cost due to on-wafer testing and the possibility to fabricate large bidimensional arrays. As a result, VCSELs are nowadays substituting the traditional light emitting diodes and EELs in many applications, such as Fiber to the Home links, computer networks, optical interconnects, optical sensing, etc. Until recently, most of the commercially available VCSELs were emitting in the near-infrared, around 850 nm or 970 nm, based on GaAs active region and GaAs/AlGaAs DBR mirrors. However, VCSELs now become available also at telecommunication wavelengths 1.3 or 1.55 ìm and at the visible or even UV wavelengths.
Due to the surface emission and cylindrical symmetry, VCSELs lack strong polarization anisotropy [2] . VCSELs grown on (100) substrate emit linearly polarized (LP) light along one of the two preferential crystallographic directions [110] and [110] when operating in the fundamental transverse-mode regime. By changing the injection current or ambient temperature, they may switch the polarization state between these two orthogonal directions [39] . Such polarization switching (PS) has been attributed to different mechanisms, the modification of the net modal gain and losses with the injection current [4, 7] , spatial hole burning [8] , thermal lensing [5] , uniaxial strain [9] , or the account for spin relaxation mechanisms in semiconductor quantum wells [10, 11] .
The lack of polarization anisotropy in VCSELs has a strong impact on the nonlinear dynamics observed when they are subject to time-delayed optical feedback or optical injection. The underlying the dynamics polarization mode competition may result in new phenomena such as fast anticorrelated pulsation in the LP intensities, coherence resonance, new bifurcation routes to injection locking and new regions of synchronization. All these light polarization fingerprints on the nonlinear dynamics of VCSELs are briefly summarized hereafter.
Light polarization specifities of nonlinear dynamics in VCSEL with optical feedback
Time-delayed optical feedback (OF) perturbs the steady state laser emission and leads to complex dynamics [12] . The same sequence of dynamical regimes that has been observed in EEL [13] is also reported in VCSELs [14] . With increasing the feedback strength these are linewidth narrowing or broadening, external-cavity mode (ECM) hopping, stable emission, sustained relaxation oscillations and chaotic regimes (low-frequency fluctuations, coherence collapse). When a VCSEL is subject to isotropic (the same for any light polarization) OF, the route to dynamical instabilities is modified, see Fig. 1 [15] . Due to the small frequency difference between the two solitary VCSEL LP modes, the modulation of the threshold gain, as a result of the OF for the ECMs of different polarization, differs.
As it can be seen from Fig. 1(a) , the change of the VCSEL injection current periodically destabilizes the laser operation through a Hopf bifurcation to a limit cycle [15] . The amplitude of the periodic oscillation initially increases but then the VCSEL undergoes a PS to a stable emission in the orthogonal LP state. Actually, the injection current, via the current induced heating and the corresponding refractive index change, modifies the wavelength of the emitted light and therefore the phase of the light fed back into the VCSEL. In such a way, periodic regions of alternating lasing in the two LP modes are formed. For a fourfold increased reflectivity of the external mirror, the PS occurs between unstable LP modes, with different degree of destabilization, see Fig. 1(b) . Such a channeled light versus current (LI) curve has been found experimentally in Refs. 16 and 17 and is shown in Fig. 2 [17] .
If we set the injection current close to a PS point light randomly alternates between emission of the x-LP mode and emission of the y-LP mode (Fig. 3) . This situation is called polarization mode hopping for the case of solitary VCSEL [18] [19] [20] and from its statistical analysis it appears that the dwell time in a LP mode follows a Kramers law, i.e., the probability distribution function exponentially decays with time. The mean dwell time depends on the injection current and the spontaneous emission level. In our OF experiment, superimposed on the slow polarization mode hopping [ Fig. 3(a) ], a fast oscillatory behaviour appears, at the frequency of the external cavity (750 MHz), i.e., the inverse of the OF time delay [ Fig. 3(b) ]. These fast oscillations more clearly appear during an attempt to or a successful polarization switch. The two LP intensities are strongly anticorrelated and therefore the oscillations vanish in the time trace of the total intensity [ Fig. 3(c) ]. It has been theoretically [21] and experimentally [22] demonstrated that Kramers law is violated for VCSELs with OF, the timedelay strongly influences the residence time distribution leading to the appearance of an oscillatory behaviour with peaks at the delay time and a valley connecting the statistics for short and long dwell times [22] .
The coexistence of stochastic (noise driven) process of polarization mode hoping with the deterministic oscillatory behaviour at the delay time brings an interesting question about the possibility of observation of coherence resonance in such a system, i.e., resonance of the dynamical regularity of the system at a certain noise level. It is indeed commonly accepted now that the noise can play constructive role in nonlinear dynamical systems. After the seminal paper of Benzi et al. [23] , the phenomenon of stochastic reso- nance, namely the fact that adding noise can better synchronize dynamical system to an external periodic signal, has attracted a lot of interest in biology [24] , physics [25] , chemistry [26] , etc. (for a review see, e.g., Ref. 27) . It has recently been realized that the noise can enhance regular dynamics in nonlinear systems even in absence of external signal, when an internal time scale is present in the system [28] . This phenomenon is initially considered as stochastic resonance in autonomous system and lately named coherence resonance (CR) [29] . CR has been first predicted for excitable dynamical systems [28] [29] [30] [31] , i.e., the systems that emit quasiregular pulses as a result of an excitation threshold and with a refractory period. It has been demonstrated experimentally in excitable electronic circuits [32] , semiconductor lasers subject to optical feedback and driven into chaotic excitable dynamics [33] , and Belousov-Zhabotinsky chemical reaction systems [34] . For a recent review see Ref. 35 . CR has also been predicted as a noisy precursor of limit cycle bifurcations in nonlinear systems [30] . This mechanism for CR has been verifed experimentally in electrochemical systems [35] and close to Hopf bifurcations in multisection semiconductor lasers [36] . Theoretical works on different models furthermore reported that not only excitable but also bistable or multistable systems driven by noise can exhibit CR [37, 38] , as also confirmed experimentally in bistable chaotic electronic Chua circuits [39] . Recently, CR has been predicted in another class of systems, which exhibit bistability together with time-delay [40] . These systems are interesting considering also that delay is an inherent property of nature, with the examples found in biology [41] and economics [42] . A VCSEL subject to optical feedback is an example of a bistable time-delayed system and CR has been indeed observed in this system first numerically [22] and then experimentally [43] . The numerical prediction of CR for a VCSEL subject to isotropic OF is shown in Fig. 4 [22] . In Figs. 4(a)-4(c) we show the polarization resolved time traces of the output power for the increased strength of the external noise added to the injection current and in Figs. 4 (d)-(h) the corresponding joint residence time distribution (RTD). As it can be seen from Fig. 4 , coherence resonance is indeed present in such a system. A continuous increase in the strength of the external noise results first in an increase in the peak amplitude and a decrease in the width of the joint RTD maximum at the delay time. The peak amplitude reaches a maximum and the peak width reaches a minimum for a given value of the noise [ Fig. 4 (b) and 4(e)], where the mode-hopping regime exhibits the most regular periodic behaviour at the external cavity (EC) round-trip time. For larger external noise strengths, the RTD exhibits smaller peak amplitude at the delay time and broadens towards smaller and larger time values. The mode-hopping time-trace exhibits windows of regular dynamics at the EC round-time but in general the dynamics is dominated by noise.
In order to observe CR experimentally, we have made the use of the great possibility for tuning the PS current and hysteresis width by OF from an extremely short external cavity with a length of several 10 µm [44, 45] . The VCSEL is a subject to OF from two external cavities. The first one is formed between the VCSEL output mirror and a fiber facet with enhanced reflectivity of 23% at a close distance (of the order of 10 µm), i.e., it is an extremely short external cavity used to tune the VCSEL polarization-switching current. The second cavity is the optical fiber itself and introduces a time delay of ô = 27 ns in the system. To look for a CR, an electrical noise with zero mean a value and a flat spectrum untill 300 MHz is added to the injection current of the VCSEL. The effect of the noise level on the distribution of the joint residence time (JRTD) is shown in Fig. 5 . If the noise is weak, the system needs a lot of time to consecutively visit the two stable states and the peak of the JRTD at the external cavity round trip time (27 ns) is very small (a). As the noise strength is increased, the peak at 27 ns dramatically increases reaching its maximum (b). For higher noise intensities, more and more fast PSs occur and the background masks the peak structure (c). The right panel (d) confirms the existence of an optimal noise level of -120 dBm/Hz, for which the JRTD exhibits a maximum peak at the delay time. This constitutes a clear evidence of coherence resonance in our system. Different indicators have complemented our observations. In particular, we have observed the radio-frequency (RF) spectrum of the laser output for different noise levels. A peak appears close to the long external cavity frequency and the peak height relative to the RF spectrum noise floor reaches a maximum for a given noise level (similar to the noise level that brings the maximum JRTD value at the delay time).
Light polarization specifities of nonlinear dynamics in VCSEL with optical injection
Optical injection is an important case of additional degree of freedom that can easily destabilize a semiconductor laser. A laser called slave laser is injected with light from an external laser source (master laser). The two lasers emit in approximately the same wavelength range and it is assumed that an optical isolator prevents reciprocal coupling between the two lasers. Depending on the strength of the injected signal, the slave laser can either change its frequency of operation to that of the master laser (and thus lock to the master laser frequency), or it may also engage in a more complicated dynamics in response to the external signal. The injection locking was known more than 30 years ago in several types of oscillators [46, 47] . Its application for semiconductor lasers is of great interest. Indeed, the injection locking of semiconductor lasers was shown to significantly improve the coherence properties of the emitted signal, leading for example to the reduction of the mode hopping and mode partition noise [48] , the reduction of the laser linewidth [49] and of the frequency chirping [50] , and an enhancement of the modulation bandwidth [51] [52] [53] . For telecommunication purposes, optical injection is for example interesting in the development of semiconductor laser arrays, injection locking has been demonstrated to operate conveniently by synchronizing an array of lasers onto a unique master [54] . Injection locking may also prevent spurious feedback effects which are difficult to avoid and, as shown in the previous section, which may seriously disturb the laser operation. Apart from these interesting applications of injection locking, the optical injection dynamics is also of interest for fundamental research of semiconductor lasers and rich dynamics as period doubling route to chaos [56] [57] [58] , resonance tongs [59] and excitability [60, 61] have been reported. The first experiment on optical injection in VCSELs has been reported by Pan et al. [62] in 1993. A VCSEL that emits in a single x-LP mode is injected with light polarized along the orthogonal direction (y). For sufficiently large injection strength, the VCSEL switches its polarization to that of the injected light, and may exhibit an injection locking depending on the frequency detuning between the two lasers. The injection power required for PS depends on the frequency detuning and moreover the PS occurs with a large bistability region. Li et al. [63] have analyzed experimentally and theoretically the injection locking region and wave mixing effects when a VCSEL is subject to optical injection with the same polarization as that of the free-running VCSEL. Hong et al. [64] have shown that the otherwise depressed LP mode may indeed be excited by the optical injection in the orthogonal, dominant LP mode. Regions of chaotic competitions in the two LP modes of the VCSEL have been shown experimentally both for positive and negative detunings. Transverse mode dynamics of a VCSEL with optical injection have been analyzed numerically [65] and experimentally [66, 67] for different configurations of the polarization of the injected light with respect to the light polarization of the free-running VCSEL. In the following we summarize our contributions to the study of nonlinear dynamics and PS in VCSELs with orthogonal optical injection.
Details on the performed experiments have been given in several of our recent journal papers [68] [69] [70] [71] [72] [73] [74] . An oxideconfined quantum well VCSEL emitting around 845 nm is used as a slave laser. Optical injection is achieved from an external cavity tunable master laser. The solitary VCSEL threshold is about 1 mA and the VCSEL switches its polarization from horizontal to vertical LP mode at 4.60 mA and backwards at 2.25 mA, forming a large hysteresis region. The PS is from the low to the high frequency LP mode. For the currents of above 5 mA, the first order transverse mode appears. In our experiment, the solitary VCSEL is biased at 2.105 mA so, that it emits only in the fundamental transverse mode with horizontal polarization. The injected LP light is set to be vertical.
In order to represent the richness of the polarization dynamics in VCSEL with orthogonal optical injection, we show in Fig. 6 the boundaries of qualitatively different dynamics in the plane of the injection parameters (the detuning and the injected power). The injected power has been normalized to the output power of the VCSEL P out = 1.28 mW at the bias current of 2.105 mA and has been taken in logarithmic scale log (P inj /P out ). We have defined the frequency detuning as the frequency of the master laser minus the frequency of the slave. The polarization switch on and switch off points for increasing (decreasing) the injected power are represented by the dark blue and violet (light blue and black) lines in Fig. 6 . In the regions S1 and S2, the frequency of VCSEL emission is locked to the master laser. However, in the case of S2, it is the first order transverse mode and not the fundamental transverse mode that locks to the master laser, the fundamental transverse mode being then suppressed when crossing the dark green line. The unlocking of the first order transverse mode happens at the smaller values of P inj , describing the bistable region B2 between the fundamental and the first order transverse mode both with the same polarization (B2 is delimited by the dark green and red lines).
We observe two polarization bistable regions, in a regime of fundamental mode emission, which correspond to two different ways of PS. The first one is with frequency locking (B) and is confined between the dark blue and the black lines. The second polarization bistable region (B3) is confined between the light blue and the violet lines where the PS happens without frequency locking. The two bistable regions are connected at detuning of 2 GHz, which coincides with the birefringence frequency splitting between the two VCSEL LP modes. The bistable region B3 is strongly influenced by the locking of the first order LP mode (S2), its borderline turning backwards at detuning of 50 GHz.
The mapping of dynamical states shows that richer nonlinear dynamics including period doubling route to chaos and even reverse period doubling from the chaotic zone are found for detunings in the range of 2-10 GHz. Cascade of complex dynamics involving chaotic instabilities is presented in Fig. 7 corresponding to detuning of 2 GHz. As the injection strength increases, the injection locked steady-state (a) undergoes a Hopf bifurcation to a limit cycle at the relaxation oscillation (RO) frequency (b). For larger injected power, the harmonics of the RO frequency are even observed (c). As the injection power is increased further, the injected VCSEL undergoes a period doubling (PD) dynamics (d), leading to a chaotic dynamics (e). Chaotic instabilities correspond to the presence of a large pedestal in the VCSEL spectra and involve both vertical and horizontal LP modes. The case (f) shows that, if the injected power is increased further, the chaotic regime is exited with a reverse period doubling cascade, leading to a limit cycle dynamics (g). For still larger injection strength, the limit cycle dynamics may even undergo period doubling again, as shown in the case (h).
It is possible to reproduce theoretically the experimental results on the base of a set of rate equations, e.g., the spin-flip approach [70] [71] [72] or a two-mode model [73] . As in the experiment, an increase in optical injection strength leads to PS with bistability. The width of bistable region increases as the frequency detuning increases and the minimum being obtained when the detuning is close to the VCSEL frequency splitting between LP modes. Injection locking accompanies the PS in the negative frequency detuning side, while for positive detunings PS is typically accompanied by a period doubling route to chaos and a transition to time-periodic unlocked dynamics. For a large positive frequency detunings, strong competition can occur between transverse modes which may lead to injection locking of a first order transverse mode with suppression of the VCSEL fundamental transverse mode [74] . Figure 8 shows a typical bifurcation mapping which we obtained theoretically from the analysis of a set of equations based on the spin-flip approach and not taking into account transverse mode competition [70] [71] [72] . Qualitative changes in the VCSEL dynamics are detected and followed using the continuation package AUTO 97. Different bifurcation curves are plotted, a saddle-node (SN), two Hopf (H1 and H2), and a torus (TR) in black and gray, respectively. When increasing the injection strength, the VCSEL switches its polarization to that of the injected field. When decreasing the injection strength, the VCSEL switches back to its free-running polarization but for the smaller injection strength. These 'PS off' (x-LP mode off) and 'PS on' (x-LP mode on) points are shown with circles and squares, respectively. The PS curves interplay with the bifurcation curves. SN and H 1 are bifurcations on a stationary injection-locked state and have also been reported in the case of optically injected edgeemitting laser. In the conventional case of EEL, the locking region is then delimited by the co-dimension two point G where SN and H 1 intersect. In our VCSEL system, the locking region is delimited by SN, H 1 but also by a new bifurcation H 2 . The maximum detuning, leading to injection locking therefore stays well below the codimension-two saddle-node-Hopf point G. Apart from its effect on the locking, H 2 also affects the PS mechanism. The supercritical part of H 2 coincides with 'PS on' points. Moreover, the smallest injection strength needed to achieve PS is located on H 2 and corresponds to a dramatic change in the PS curve (see the solid vertical arrow in Fig. 8) . As a result, the PS curve exhibits a fish-like shape with local minima of the injected power required for switching. The observed shape agrees qualitatively with our experimental results. Additional bifurcations on the time-periodic solutions (not shown) lead to a period doubling route to chaos as observed experimentally and are located close to these local minima in the PS curve. The torus bifurcation TR gives the rise to the time-periodic dynamics at the relaxation oscillation frequency in the non-injected mode (x) and to the wave-mixing dynamics in the injected mode (y), which we have then been able to follow experimentally.
There are several other peculiarities of the bifurcation analysis which we have reported in detail in Refs. [70] [71] [72] . Interestingly, the model allows for another type of injection locking solution where the VCSEL locks its two orthogonal LP modes to the injected field. This two-mode injection locked solution is observed when the detuning is negative and such that the master laser frequency is close to the frequency of the non-injected mode of the solitary VCSEL. The two-mode injection locked solution is born from saddle-node bifurcation and destabilizes through a Hopf bifurcation. The interplay between the corresponding two mode dynamics and the one mode injection locked solution analyzed in Fig. 8 remains the topic of future investigation.
Light polarization specifities of chaos synchronization of unidirectionally coupled VCSEL
Synchronization of chaotic systems has been a subject of both theoretical and experimental studies [75] . In particular, the synchronization between two chaotic semiconductor lasers has attracted considerable attention owing to its application in secure chaos based optical communications [76] . Recent theoretical works have focused on the synchronization properties in polarization-dependent optical injection schemes [77] or using multitransverse mode but single LP mode VCSELs [78] . Chaos synchronization has also been very recently shown experimentally [79] . The growing interest in implementing chaos communication using VCSELs motivates further investigations to better understand the influence of polarization dynamics on the synchronization properties.
In this section, we present a theoretical investigation of the effect of polarization mode competition on the synchronization characteristics of two unidirectionally coupled VCSELs [80] . The master VCSEL only is rendered chaotic by optical feedback, and its chaotic output is coupled to the slave VCSEL by the use of an isotropic optical injection. We show that, depending on the injection conditions, the synchronization quality can be strongly enhanced when the master laser and therefore also the synchronized slave exhibit two LP mode dynamics.
In isotropic optical feedback/injection configuration, the two VCSELs can exhibit either an anticipating or isochronous (injection-locking) type of synchronization [81] . Anticipating (perfect) synchronization is achieved when laser ntensities for the x-and y-polarizations of the master laser as well as its carrier density at the time t are synchronized with the corresponding light intensities and carrier density of the slave laser at time t-ô, i.e., I m x,y (t) = aI s x,y (t-ô). Necessary conditions for the existence of such a solution are that both lasers exhibit the same device parameters, bias currents, zero detuning, and also f = ç with f being the feedback strength and ç the coupling (injection) strength. The isochronous synchronization solution is of the type I m x,y (t) = aI s x,y (t), with a being the constant. To evaluate the synchronization quality and to discriminate between isochronous and anticipative synchronizations, we use the cross-correlation coefficients for the x-and y-LP mode intensities C 1x,y (t,t) and C 2x,y (t + ô,t), respectively. Figure 9 shows the evolution of the isochronous and the anticipative correlation coefficients when the injection rate ç is varied but still equal to the feedback rate f. In Figs. 9(a1) and 9(a2), we add gray curves that show the evolution of C 1x and C 2x in the case of single x-LP mode chaotic dynamics. In the whole range of ç, C 2 > C 1 whatever the LP modes that are analyzed (x or y) and independently of the single x-LP mode or two LP mode cases in the laser dynamics (black or gray curves). The lasers therefore exhibit anticipative synchronization. The still large isochronous correlation coefficient C 1 can be related to the presence of a periodicity at ô in the intensity time traces. For ç < 3 ns -1 the lasers exhibit either weakly synchronized irregular dynamics or locked steady states (see the small range of ç with perfect synchronization in the two LP mode case). For the larger ç, the synchronization quality improves with ç. Indeed, the lasers exhibit desynchronization bursts, but the average time between them increases as ç increases, leading to better synchronization over a given time window. The comparison between the black and gray curves in Figs. 9(a1) and 9(a2) unveils, moreover, that the correlation coefficients (and therefore the synchronization quality) improve in the two LP mode case. Therefore, the synchronization quality between unidirectionally coupled VCSELs can be significantly enhanced when the feedback-induced chaos in the master laser involves both orthogonal LP fundamental transverse modes.
Two regions of enhanced synchronization between the injected LP mode and the corresponding slave LP mode are identified in Ref. 82 . In the so-called region II, the slave VCSEL exhibits anticorrelated dynamics in its two LP modes while in the so-called region I the slave VCSEL exhibits dynamics in only one LP mode, which corresponds to the polarization of the injected field. The two regions exhibit different synchronization properties in both the LP mode dynamics and total intensity dynamics.
Conclusions
In this paper we have summarized some of our main recent investigations related to the impact of the light polarization on the nonlinear dynamics in VCSELs induced by optical feedback, optical injection and unidirectional chaos synchronization. Since the polarization selection is very weak, a small amount of optical feedback is enough to significantly modify the VCSEL polarization behaviour and observe laser dynamics that significantly differ from those typically observed in edge-emitting lasers. Typical dynamical instabilities such as low-frequency fluctuations and self-pulsations induced by optical feedback still exist in VCSELs but with the additional complexity of the anticorrelated dynamics between polarization modes. The bistable property of VCSEL makes it possible to investigate very fundamental problems of bistable systems with timedelay, such as the coherence resonance phenomenon. Optical injection can be used also to control and induce PS in VCSELs with controllable parameters. We have reported theoretically and experimentally on several dynamical instabilities induced by optical injection and that specifically emerge from the VCSEL PS possibility. We also demonstrated that the synchronization quality between unidirectionally coupled VCSELs can be significantly enhanced when the feedback-induced chaos in the master laser involves both orthogonal LP fundamental transverse modes.
In summary VCSELs are not only key devices in most of emerging applications of semiconductor light sources, but also great tools for our investigations of semiconductor laser dynamics and dynamical instabilities. Current research perspectives are, e.g., in the fields of polarization mode beating and locking to generate fast pulsating signals and polarization chaos to be used for multiplexed chaos communication schemes. Fig. 9 . Evolution of the correlation coefficients related to isochronous (a1) and (b1) and anticipative (a2) and (b2) synchronization as a function of ç. The gray (black) color corresponds to the case of single-mode (two-mode) chaos (after Ref. 80 ).
